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1 Introduction 



Recently it has been demonstrated that two different supersymmetric gauge theories 
have equivalent low energy physics being connected each other by dual transformation, 
in which a weak coupling system of one theory is mapped to a strong coupling system 
of the other Duality connects two theories which have different gauge groups, 
where, of course, the number of gauge bosons and structure of their interaction are 
different. Then there naturally arises a question how different theories are transformed 
each other by duality and what is dynamical origin of the dual gauge bosons. That is 
the question to motivate this investigation. 

The idea of dynamically generated gauge bosons has long history since Bjorken's 
proposal 0, in which gauge bosons are to be generated as bound states of matters, 
fermions or bosons. Originally Bjorken argued that the gauge boson is a Nambu- 
Goldstone (NG) boson responsible for spontaneous breaking of the Lorentz invariance. 
Another people || |], |5|, ||] considered a model with four-fermi vector-vector interaction 
and used fine-tuning to impose masslessness of generated vector bosons. However the 
most critical assumption of those papers is that the interaction between matters is very 
strong and massless vector bound states appear. It seems almost impossible to realize 
the appearance of exact massless bound states and most papers had to be satisfied 
with an approximate gauge symmetry generation where the mass of vector bound 
states is very small compared with the relevant scale (the mass of relevant fermions, 
for example). 

Summarizing points, although the appearance of vector bound states occurs quite 
often in most models, it is difficult to make them massless and get universal coupling 
with other matters. These properties are characteristic for a gauge boson and inevitable 
barrier against dynamical gauge bosons if one reminds a critical theorem; It has been 
proved 0, |8| that the system must have gauge symmetry if there is a massless particle 
with spin j > 1. It is never generated unless gauge symmetry is builtin from the first 
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into Lagrangian. 

This has been quite serious until the notion of hidden local symmetry came into play 
in the context of supergravity theory a la nonlinear sigma model ||, |1(| (for review see 
With hidden local symmetry at hand it is known that in some 2 or 3 dimensional 
models gauge fields associated with hidden local symmetry acquire their own kinetic 
terms via quantum effects and the poles of the gauge bosons are developed dynamically 
[fL2| , 13 1 . However these attempts have not been successful in four dimensions within 
renormalizable theories: they can be generated only in cut-off theories, for example 
(jpn-i moc [ e i s or Nambu-Jona-Lasinio type models. In the following we shall see 
cut-off theories are enough for our goal. 

Now that hidden gauge symmetry guarantees the appearance of dynamical gauge 
bosons and in the low energy effective theory they behave in a similar way as ele- 
mentary gauge bosons. Then a question arises as to how dynamical gauge bosons are 
discriminated from elementary ones. The answer is the compositeness condition and 
asymptotic nonfree property. The idea of compositeness condition at finite scale was 
first argued for the case of dynamical Higgs bosons. Bardeen, Hill and Lindner [H| pro- 
posed that divergence of the yukawa coupling in high energy indicates that the Higgs 
bosons are bound states of some elementary fields. Compositeness of Higgs bosons is 
characterized by vanishing of its kinetic term, namely, vanishing of the wave-function 
renormalization factor Z = 0, which is translated to divergence of the yukawa coupling 
y = oo by rescaling of the Higgs fields. 

Similar argument can be applied to dynamical gauge bosons. We can interpret 
divergence of running gauge couplings at high energy scale A as a compositeness condi- 
tion extended for gauge bosons. Usually in quantum field theories, gauge interactions 
are required to be asymptotically free, otherwise they become trivial theories because 
of the existence of the Landau singularity A L . We propose that asymptotic nonfree 
gauge theories are not trivial but they are to be identified as theories of dynamical 
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gauge bosons. 

In this paper we present a concrete model in which dynamical gauge bosons are 
generated as composite vector states whose behavior is controlled by the hidden lo- 
cal symmetry. In section 2 we investigate a simple example of SU(iV/) / [SU(iV c ) x 
SXJ(Nf — N c )] Grassmannian like model. We shall show how hidden gauge bosons 
are generated as composite states of NG fields and see how the gauge coupling runs 
asymptotically nonfreely, until it blows up at A. Cooperating the above model with an 
external gauge field we exhibit in section 3 another model in which there are asymp- 
totically free and nonfree gauge groups. This model shows a sort of correspondence of 
strong-weak gauge couplings. Summary and future problems are presented in section 4. 

2 Compositeness Condition of Gauge Theory 
2.1 Hidden local symmetry 

Let us explain the notion of hidden local symmetry briefly. A nonlinear sigma model 
with G/H- valued fields has a symmetry G g i bai, which is realized nonlinearly. These 
scalar fields describe NG bosons associated with symmetry breaking from G to H. The 
G/H nonlinear sigma model is equivalent in classical theory to a linear sigma model 
which has a symmetry G g i bai x H\ oca y. In the linear model there are G-valued scalar 
fields and gauge fields of the gauge group H. These gauge fields are auxiliary fields 
so they do not have their own kinetic terms and can be eliminated. In this sense 
one can say that the nonlinear sigma model has a hidden local symmetry which is 
brought by introduction of redundant variables. Such hidden symmetry is no more 
than redundancy at classical level. However once vector bound states are generated at 
quantum level, they become independent fields. Thanks to this hidden gauge symmetry, 
dynamical gauge invariance is guaranteed exactly and masslessness and universality of 
the coupling is ensured without affected by the theorem [J], |j. 

In order to see dynamical generation of gauge bosons we start from the SU(Afy)/ 
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[SU(iV c ) x S\J(Nf — N c )] Grassmannian like model which is equivalent to [SU(iV/)/SU 
(Nf — N c )} x SU(iV c ) hidden i oca i linear model. This model is constructed with N c x Nf 
complex scalar fields 4> a i and an auxiliary SU(iV c ) gauge field coupled to the index 
a = 1, • • ■ , N c . The matter field is transformed under SU(-/V/) g i bai x SU(iV c )hidden local 
as <f>(x) -> h(x)(j){x)g ] where h(x) e SU(iV c ) hiddcn local and g E SU(iV / )g loba i. 
The Lagrangian of our model is 

C = {D^)\ a {D^) ai - X ab (fail - ^5 a6 ) + £ GF+FP , (2.1) 

where u is a dimensionful coupling of the nonlinear sigma model. The covariant deriva- 
tive D^ip is written in terms of the auxiliary gauge field A^ as 

= - iA^. (2.2) 



The term £qf+fp in (2.1) is the gauge fixing and FP ghost term for A^ in which we 
take the covariant gauge fixing, 

£gf+fp = -iSb {Tr [c (d^A^ + | } , (2.3) 

where 5b is the BRST transformation. The hidden local gauge boson A^ does not 
have its kinetic term and is redundant degrees of freedom of the model. The N c x N c 
hermitian scalar field X a b is the Lagrange multiplier imposing the constraint 

Ml = —S ab . (2.4) 
With this constraint A^ can be eliminated by substituting the equation of motion, 

A M = -^(d M 00t_ W t). (2 .5) 



Then we get the following form 



£ = Tr 



(2.6) 



From this Lagrangian we can reach the original nonlinear sigma model without hidden 
local symmetry by fixing the gauge and imposing the constraint 
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2.2 Dynamical Gauge Boson 

We can show that the existence of the massless vector mode is accompanied with the 
restoration of SU(A^j) globa i x SU(AT c ) hiddenlocal symmetry as in the abelian case if we 
assume the deconfining phase []T5| , [l6[|.p| This can be easily seen by the argument of the 
identity; 

F.T.i{D,c A (X)c B (y)) = -5 AB ^, (2.7) 
and the BRST transformation of A^; 

)Qb,A a ] =D,c a . (2.8) 

Equation ( |2.7| ) implies that D^c contains the massless asymptotic field, and so does 
with the help of equation (|2~8| ). There are two alternatives to identify the massless 
mode in A^ as 

1. the Nambu-Goldstone mode of broken SU(iV c ) local symmetry, 

2. the longitudinal mode of unbroken SU(iV c ) gauge boson. 

In the broken phase (1), the breaking of SU(iV c ) local symmetry by the V.E.V. of 
(0) = \J~N~fV (5 a b , 0) is accompanied with the breaking of SU(iV/) symmetry. On 
the other hand, in the symmetric phase (2), A^ is a massless vector boson and any 
symmetry should not be broken. 

The phase of the model is determined by the effective potential. Let us take the 
V.E.V.s of <p and A as follows to leave SU(iV c ) xSU(iV/ — N c ) symmetry, 

(0) = y/FfVtf^O), (2.9) 

(A) = AcU- (2.10) 
By substituting them the effective potential is given in the 1/Nf approximation as 



V eS = NfN c 



(2.11) 



§ This assumption is justified as we shall show later that the generated gauge boson interacts 
weakly in the low energy region. 
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This potential coincides with that of CP N 1 model [11], [16| within this approximation 
and the ground state is determined by the equations 

1 dV cS 2 1 f d A k 1 
N f N c dX ~ V ~u + J *(2vr) 4 X - k 2 ~ °' (2 " 12) 

-^W 9 ^ = ^ = °- ( 2 - 13 ) 

N f N c dv v ' 

Here we introduce a cut-off A to define the integration in Q2.12 ), which is rewritten as 



v 2 - /(A, A) = - — t^t (2.14) 



where 



1 1 r d A k 



w r w i i(2vr) 4 /i 2 - A; 2 
1 /■ d 4 *; 1 /■ rf 4 fc 



(2.15) 
(2.16) 



u cr J z(2vr) 4 -A; 2 7 i(2vr)V 2 - P 

'< A - A > s /w=W^i3u- (2 ' 17) 

u r is a redefined coupling at the renormalization point fi. If the dimension is less 
than four lu t , u ci and / remain finite in the limit of A — > oo, namely, the theory is 
renormalizable as known before [[□], [I(J. However, in four dimensions they become 
divergent, so Eq. ( p,14|) makes sense only for the finite cut-off A. The function / is 



understood as a non-negative function of A vanishing at A = 0. The critical coupling 

oj cv separates two phases 

1. broken phase : A = 0, v ^ 0, when oj t < u> cr , 

2. symmetric phase : A 7^ 0, v — 0, when u r > uj ct . 

The critical coupling uj ct is reciprocally proportional to the logarithmic divergence 
uj^ 1 ~ log A, so it becomes smaller for the larger cut-off A. Therefore the symmetric 
phase is always realized by taking enough large A. In this phase the scalar field <fi 
is massive (m 2 = A) whereas the vector becomes massless. Hence this composite 
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vector field (|2.5|) is stable. In the broken phase 4> field becomes massless (NG bosons 
associated with the broken symmetries), while the gauge field A^, if it exists, becomes 
massive by the Higgs mechanism. This massive gauge boson is unstable as it can decay 
into two <p bosons. 

To see the generation of massless gauge boson explicitly in the symmetric phase 
we calculate the effective Lagrangian of the composite gauge boson. We calculate the 
Feynman diagrams fig.|T], fig|| fig.|] which contribute to the leading order terms of 
expansion with respect to N c /Nf. The vertex functions are given by 

T (2) (P) = - T ^^iV / ln(^)^( W 2 - PllPv ), (2.18) 

r {3) (k,p,q) = -J^lNfH^)^f ABC [9,Ak- P ) P 

+9u P (p-q)^ + 9 w (q-k) v ], (2.19) 
T^(kJ,p,q) = -^^N f ln(^)[f ABE f ECD (g a ^s-g a sg^) 

sgp-y) 

+f ADE f BBO^ _ ^ (2 _ 20) 



And they are put into the effective Lagrangian 
C = ~\z (d,At-d u Af) 2 
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-\z lf ABC {d,At - d u A*)A B A c v - \z 2 f AB f ECD A A A B A^A E 

+Tr (|<9 M 0-^ M 0| 2 -A|0| 2 ), (2.21) 



Zi = Z 2 = —-N f M-l)- (2-22) 



with Z factors; 

167T 2 6 /J, 2 

The Z factors in ( |2.21| ) are dependent on A. And we redefine the field A r/1 so as to 
normalize the gauge kinetic term in Q2.21|) , 

A ril = Jz~ A^. (2.23) 
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Figure 1: The Feynman diagrams which generate the propagator of the 
dynamical gauge boson. 




Figure 2: The Feynman diagrams which generate the three-point self- 
interaction. 




Figure 3: The Feynman diagrams which generate the four-point self- 
interaction. 
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Then the renormalized coupling is determined as 

9 ' = -7r = T^ys = ^ ( 2 - 24 ) 

which confirms universality of the coupling. It must be noted that the Z factors vanish 



at fx — A. This means the dynamically generated kinetic and interaction terms in (|2.21| ) 
disappear, which we call compositeness condition at the cut-off A. In conventional 
normalization we always take Z([i) = 1 at any scale /i to normalize the kinetic term. 



This, in turn, indicates that the running coupling g r in ( [2.24 ) becomes infinity at scale 



A, implying that the theory is asymptotically nonfree gauge theory. The beta function 
obtained from ( |2.24| ) properly reflects this asymptotic nonfree behavior; 



2.3 Compositeness Condition 

It is easy to confirm that the beta function (|2.25| ) of the composite theory coincides 
with that of the elementary theory (the low energy theory with elementary gauge field); 

C = Tr (|D M 0| 2 - A|0| 2 ) - ^Tr (F^) 2 + C FP+GF , (2.26) 

W = 4* (l N f ~ ^) > ( 2 - 2 7) 



16tt 2 V6 3 3 

in N c /Nf expansion. With this approximation the first term in ( |2.27| ) dominates (the 
beta function is positive) and shows asymptotically nonfree character. As is well known 
asymptotically nonfree gauge theory necessarily has Landau singularity at the point Ax, 
where the running coupling blows up and is thought to be nonsense as a field theory. 
But as is discussed in the previous section this singularity can be interpreted as Z = 
at Al in the composite theory. This A^ is nothing but the cut-off of nonlinear sigma 
model where the kinetic as well as self coupling terms of disappear and the gauge 
field loses its identity as an elementary particle. The asymptotically nonfree scalar 
gauge theory ( [2.26|) can be regarded as dynamically generated gauge theory. 
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It is indeed always true that the positive beta function of the composite theory 
appears in the leading order of N c /Nj. However once one proceeds to the next order, 
contribution from non-abelian interactions (the second term in ( p. 27 )) can not be 



neglected. Although calculation of next order terms is quite difficult, we may estimate 
them from the elementary theory using usual RGE technique. This situation is similar 
to the cases of dynamical Higgs bosons where we got the information of next order 
contributions coming from Higgs loops by looking at the coefficients of beta functions 



of elementary theory [17], [T8[ 



It should be noticed if the beta function becomes negative due to the next order 
terms the theory does not satisfy the compositeness condition but is to be understood 
as an elementary gauge theory without cut-off. For this case the N c /Nf expansion is 
no more applicable. 

3 Strong- Weak Reciprocity 
3.1 Model 

In the previous section we have established a consistent mechanism to generate a dy- 
namical massless gauge boson. Its compositeness is characterized by the asymptotically 
nonfree running coupling. In this section we would like to use this mechanism to con- 
struct a model which exhibits a feature of strong-weak duality. 

Namely, the model has two kinds of gauge fields; one has an asymptotically free 
coupling and the other has an asymptotically nonfree coupling. In low energy region 
the asymptotically nonfree gauge boson has a weak coupling and behaves almost freely, 
so a perturbation theory in terms of this boson describes dynamics of the model well, 
while the asymptotically free gauge boson has a diverging coupling, then its pertur- 
bative description becomes inadequate. On the other hand, in high energy region the 
asymptotically nonfree gauge boson has a diverging coupling, reflecting its composite- 
ness. Then the perturbative method does not work well. In turn, the asymptotically 
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free gauge boson behaves as a perturbative constituent. In this sense, the model pro- 
vides an example in which two gauge fields coexist and give complementary description 
of dynamics; one works in low energy and the other works in high energy. Such a model 
is to be constructed below. 

Constituents of the model are almost same to those of the previous model. <ft = { a i 7r ) 
are N c x Nf complex scalar fields; o = (cr ai ) are N c x N c complex scalars; tt = (ir aa ) 
are N c x (Nf — N c ) complex scalars; the matrix formed by (a, tt) is denoted as (p. is 
an SU(iV c ) gauge field coupled to the index a — 1, • • • , N c ; is an SXJ(Nf — N c ) gauge 
field coupled to the index a = 1, ■ • • , Nf — N c ; D^cj) = d^tfi — igxA^tp + ig2(pV^. With 
these constituents the model is defined by 

C = Tr (D^D^ - A(00t _ NfV 2 )j - ^Tr (i^) 2 - ^Tr (F^f 

-t5 m Ti (c^A^ + ^■B 1 )) - i5 w Ti (c 2 (d^ + ^B 2 )), (3.1) 

where (i = 1, 2) is the BRST transformation for each gauge group. This model is 
similar to fl2.26|) except that another gauge field and its kinetic term are introduced 



from the beginning. 

3.2 Renormalization Group Equations 

The one-loop beta functions of this model are given by 



•5 "tf.V (3.3) 



16tt 2 V 6 3 

The particularly interesting situation is that g\ is asymptotically nonfree and g% is 
asymptotically free, namely, the region N c < T^Nf. In this region the gauge boson 
A^ satisfies the compositeness condition and can be interpreted as a dynamical gauge 
boson, which is generated from the Grassmannian like model as shown in the previous 
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section. While is an elementary gauge boson, which is newly introduced here by 
gauging a subgroup SU (Nf — N c ) of the global SXJ(Nf). The N c /Nf expansion leads to 
the same effective action of as in the previous section, as far as the newly introduced 
coupling g 2 is of order N c /Nf. 

Now we examine behavior of running couplings closely. A typical one-loop beta 
function 

a In fi 167T 2 



is integrated to give 



g^) g*(A) Sir* 



h ln(A//x). (3.5) 



g 2 

Putting ol = — — it is rewritten as 

47T 

aM = 1 4^/*r™ <3 ' 6) 

a {A) Z7T 

where we take a (A) = oo. If b > 0, the gauge coupling is well-defined only in the lower 
energy region /i < A and g diverges as fi approaches to A. 

2 2 

For «i = — and a 2 = — we have 

47T 47T 

' ' ln(V^)- = 1, 2) (3.7) 



Elimination of In// gives a renormalization-invariant relation between a\ and a2, that 
is 

1 1 1 , Ai . s 

i - i = — In — —. 3.8 

hatln) b 2 a 2 (fi) 2n A 2 

Typical feature of this equation is shown in the figure |j. 
There are three cases: 

(i) N c < 7^Nf\ At this time b± > 0, b 2 < 0, then g\ runs asymptotically nonfreely 
and g 2 runs asymptotically freely in the region A 2 < \i < Ai (fig.§). 

1 22 

(ii) — Nf < N c < —Nf bi, b 2 < 0, then both g 1 and g 2 run asymptotically freely 
in the region \i > A 1; A 2 (fig||). 
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Figure 4: The reciprocal relation between oti and a 2 for Nf = 100 and 



N r = 2. 



(iii) — Nf < N c : b\ < 0, 6 2 > 0, then runs asymptotically freely and g 2 runs 
23 

asymptotically nonfreely in the region Ai < < A 2 . The situation is the reverse 
of the first case. 

The first case is the most interesting, which shall be discussed in detail below. SU(iV c ) 
and SU(iVf — N c ) gauge bosons coexist at the scale \i in the region A 2 < /i < There 
the compositeness condition for SU(A^ C ) gauge boson is satisfied. Notice that the beta 
function (|]2|) coincides with Eq. ( ggg ) if N c <^N f . 

As the scale [i approaches to A 1; the coupling gi diverges and the other coupling g 2 
becomes small. It implies that the compositeness of the SU(A' r c ) gauge boson becomes 
apparent and it does not behave as an elementary particle. The smallness of g 2 ensures 
that perturbation of SU(A^ — N c ) gauge boson provides a good description of the model 
in high energy. 

On the contrary, as the scale comes down to A 2 , the situation is reversed. Now g 2 
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Figure 6: Running couplings for Nf 
energy is scaled in the unit of Ai. 
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100 and N c = 10 (region ii). The 
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runs to infinity, that is so-called infrared slavery. The SU (Nf — N c ) gauge boson is 
strongly interacting and does not provide a good perturbative description. However 
SU(iV c ) gauge boson is rather weakly interacting and then works as a perturbative 
constituent. The observed complementary role of two gauge bosons and the reciprocal 
relation between two couplings ( |3.8| ) may suggest a mechanism to understand duality. 

4 Discussion 



The idea of dynamical generation of particles is not new; actually Bardeen-Hill-Lindner 
yj had noticed dynamical Higgs whose yukawa coupling blows up at some high energy 



scale A. However dynamical gauge bosons have long been thought to be quite different 
because of the existence of gauge symmetry. 

By investigating the Grassmannian like model in which non-abelian gauge group is 
included, we have observed that the dynamical gauge boson appears to be asymptoti- 
cally nonfree. Masslessness and coupling universality of dynamically generated gauge 
boson are ensured by virtue of the hidden local symmetry. 

This indicates that asymptotically nonfree gauge theories, which have been thought 
to be nonsense as a field theory, are consistently interpreted as theories of composite 
gauge bosons. The beta function determined from the Z factor of the dynamically 
generated gauge boson turns out to coincide with that of the elementary but asymptotic 
nonfree gauge boson. 

Using these theoretical machinery we constructed a model which simulates duality 
of supersymmetric gauge theories. In this model asymptotically free and nonfree gauge 
bosons coexist and their running couplings are related by the reciprocally proportional 
relation. One of the motivations of this work has been to find a mechanism which relates 
dual gauge bosons. While in the model which we have constructed here, dual gauge 
bosons are not transformed each other but they coexist. In this sense their relation is 
not literally duality. However, so far as we concern effective theory in extremely low or 
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high energy regions near A's, the system is governed by either of the coexisting gauge 
bosons. In this sense they play dual roles according to the relevant energy scale and 
the number of matter contents. 

So far as we are concerned with the low energy effective theory, it is enough to deal 
it within the framework of cut-off theory. In this paper we find the connection between 
the low energy effective theory below A with the theory near A. Above this cut-off we 
may expect naturally that some new physics should govern the system and we may 
look some insight of the yet unknown physics above A under the guide of compositeness 
conditions. 

The present model does not have supersymmetry in which fermions are automati- 
cally introduced. We should take care of anomaly which is essential to cooperate with 
a realization of hidden local symmetry jjTjJ. This issue is postponed for future work. 

Finally we would like to comment on the Berry phase ||20|| , another approach to 
dynamical gauge bosons. It is rather common phenomenon that a gauge field is induced 
in a quantum mechanical system which has redundant degrees of freedom. For example, 
in a molecule electrons work as hidden degrees of freedom added to nuclei coordinates. 
Electronic degrees are integrated out by the Born-Oppenheimer approximation but 
leave an induced gauge field which influences motion of nuclei. Induced gauge fields are 



found also in quantum mechanics of topologically nontrivial manifolds [21|| . However 
such kinds of gauge fields are not dynamical but static configurations. So it have 
been expected to find a mechanism to equip the induced gauge fields with their own 
dynamical degrees of freedom. Kikkawa [^, |23| provided such a mechanism using field 
theory with extra compactified dimensions. His argument is quite different from the 
present approach, but it seems also interesting. We hope that the dynamical generation 
of gauge bosons using the notion of hidden local symmetry, together with the help of 
Berry phase mechanism will provides some clue for dynamical origin of duality. 
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